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Chapter 20. Learning Probabilistic Models

20.3 LEARNING WITH HIDDEN VARIABLES: THE EM ALGORITHM

LATENT VARIABLE

s

EXPECTATION-
MAXIMIZATION

The preceding section dealt with the fully observable case. Many real-world problems have
hidden variables (sometimes called latent variables), which are not observable in the data
that are available for learning. For example, medical records often include the observed
symptoms, the physician’s diagnosis, the treatment applied, and perhaps the outcome of the
treatment, but they seldom contain a direct observation of the disease itself! (Note that the
diagnosis is not the disease; it is a causal consequence of the observed symptoms, which are in
turn caused by the disease.) One might ask, “If the disease is not observed, why not construct
a model without it?” The answer appears in Figure 20.10, which shows a small, fictitious
diagnostic model for heart disease. There are three observable predisposing factors and three
observable symptoms (which are too depressing to name). Assume that each variable has
three possible values (e.g., none, moderate, and severe). Removing the hidden variable
from the network in (a) yields the network in (b); the total number of parameters increases
from 78 to 708. Thus, latent variables can dramatically reduce the number of parameters
required to specify a Bayesian network. This, in turn, can dramatically reduce the amount of
data needed to learn the parameters.

Hidden variables are important, but they do complicate the learning problem. In Fig-
ure 20.10(a), for example, it is not obvious how to learn the conditional distribution for
HeartDisease, given its parents, because we do not know the value of HeartDisease in each
case; the same problem arises in learning the distributions for the symptoms. This section
describes an algorithm called expectation—-maximization, or EM, that solves this problem
in a very general way. We will show three examples and then provide a general description.
The algorithm seems like magic at first, but once the intuition has been developed, one can
find applications for EM in a huge range of learning problems.
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Figure 20.10  (a) A simple diagnostic network for heart disease, which is assumed to be
a hidden variable. Each variable has three possible values and is labeled with the number
of independent parameters in its conditional distribution; the total number is 78. (b) The
equivalent network with HeartDisease removed. Note that the symptom variables are no
longer conditionally independent given their parents. This network requires 708 parameters.

20.3.1 Unsupervised clustering: Learning mixtures of Gaussians

Unsupervised clustering is the problem of discerning multiple categories in a collection of
objects. The problem is unsupervised because the category labels are not given. For example,
suppose we record the spectra of a hundred thousand stars; are there different types of stars
revealed by the spectra, and, if so, how many types and what are their characteristics? We
are all familiar with terms such as “red giant” and “white dwarf,” but the stars do not carry
these labels on their hats—astronomers had to perform unsupervised clustering to identify
these categories. Other examples include the identification of species, genera, orders, and
so on in the Linnzan taxonomy and the creation of natural kinds for ordinary objects (see
Chapter 12).

Unsupervised clustering begins with data. Figure 20.11(b) shows 500 data points, each
of which specifies the values of two continuous attributes. The data points might correspond
to stars, and the attributes might correspond to spectral intensities at two particular frequen-
cies. Next, we need to understand what kind of probability distribution might have generated
the data. Clustering presumes that the data are generated from a mixture distribution, P.
Such a distribution has k components, each of which is a distribution in its own right. A
data point is generated by first choosing a component and then generating a sample from that
component. Let the random variable C' denote the component, with values 1, ..., k; then the
mixture distribution is given by

k
P(x)=> P(C=i) P(x|C=i),
i=1
where x refers to the values of the attributes for a data point. For continuous data, a natural
choice for the component distributions is the multivariate Gaussian, which gives the so-called
mixture of Gaussians family of distributions. The parameters of a mixture of Gaussians are
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Figure 20.11  (a) A Gaussian mixture model with three components; the weights (left-to-
right) are 0.2, 0.3, and 0.5. (b) 500 data points sampled from the model in (a). (¢c) The model
reconstructed by EM from the data in (b).

w; = P(C =1) (the weight of each component), g, (the mean of each component), and 3;
(the covariance of each component). Figure 20.11(a) shows a mixture of three Gaussians;
this mixture is in fact the source of the data in (b) as well as being the model shown in
Figure 20.7(a) on page 815.

The unsupervised clustering problem, then, is to recover a mixture model like the one
in Figure 20.11(a) from raw data like that in Figure 20.11(b). Clearly, if we knew which com-
ponent generated each data point, then it would be easy to recover the component Gaussians:
we could just select all the data points from a given component and then apply (a multivariate
version of) Equation (20.4) (page 809) for fitting the parameters of a Gaussian to a set of data.
On the other hand, if we knew the parameters of each component, then we could, at least in
a probabilistic sense, assign each data point to a component. The problem is that we know
neither the assignments nor the parameters.

The basic idea of EM in this context is to pretend that we know the parameters of the
model and then to infer the probability that each data point belongs to each component. After
that, we refit the components to the data, where each component is fitted to the entire data set
with each point weighted by the probability that it belongs to that component. The process
iterates until convergence. Essentially, we are “completing” the data by inferring probability
distributions over the hidden variables—which component each data point belongs to—based
on the current model. For the mixture of Gaussians, we initialize the mixture-model parame-
ters arbitrarily and then iterate the following two steps:

1. E-step: Compute the probabilities p;; = P(C' =1 |X;), the probability that datum x;
was generated by component i. By Bayes’ rule, we have p;; = aP(x; | C =1i)P(C =1i).
The term P(x; | C'=1) is just the probability at x; of the ith Gaussian, and the term
P(C =1) is just the weight parameter for the ith Gaussian. Define n; = }_; p;;, the
effective number of data points currently assigned to component 3.

2. M-step: Compute the new mean, covariance, and component weights using the follow-
ing steps in sequence:
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where N is the total number of data points. The E-step, or expectation step, can be viewed
as computing the expected values p;; of the hidden indicator variables Z;;, where Z;; is 1 if
datum x; was generated by the ith component and O otherwise. The M-step, or maximization
step, finds the new values of the parameters that maximize the log likelihood of the data,
given the expected values of the hidden indicator variables.

The final model that EM learns when it is applied to the data in Figure 20.11(a) is shown
in Figure 20.11(c); it is virtually indistinguishable from the original model from which the
data were generated. Figure 20.12(a) plots the log likelihood of the data according to the
current model as EM progresses.

There are two points to notice. First, the log likelihood for the final learned model
slightly exceeds that of the original model, from which the data were generated. This might
seem surprising, but it simply reflects the fact that the data were generated randomly and
might not provide an exact reflection of the underlying model. The second point is that EM
increases the log likelihood of the data at every iteration. This fact can be proved in general.
Furthermore, under certain conditions (that hold in ost cases), EM can be proven to reach
a local maximum in likelihood. (In rare cases, it could reach a saddle point or even a local
minimum.) In this sense, EM resembles a gradient-based hill-climbing algorithm, but notice
that it has no “step size” parameter.
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Figure 20.12  Graphs showing the log likelihood of the data, L, as a function of the EM
iteration. The horizontal line shows the log likelihood according to the true model. (a) Graph
for the Gaussian mixture model in Figure 20.11. (b) Graph for the Bayesian network in
Figure 20.13(a).
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Figure 20.13  (a) A mixture model for candy. The proportions of different flavors, wrap-
pers, presence of holes depend on the bag, which is not observed. (b) Bayesian network for
a Gaussian mixture. The mean and covariance of the observable variables X depend on the
component C.

(b)

Things do not always go as well as Figure 20.12(a) might suggest. It can happen, for
example, that one Gaussian component shrinks so that it covers just a single data point. Then
its variance will go to zero and its likelihood will go to infinity! Another problem is that
two components can “merge,” acquiring identical means and variances and sharing their data
points. These kinds of degenerate local maxima are serious problems, especially in high
dimensions. One solution is to place priors on the model parameters and to apply the MAP
version of EM. Another is to restart a component with new random parameters if it gets too
small or too close to another component. Sensible initialization also helps.
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